
TIMES pre-training session

Concepts of Optimization



Simulation (vs) Optimization models
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SIMULATION MODELS OPTIMIZATION MODELS

Approach
• Mimics the system
• Assesses effects of specific actions 

applied to the system → “response”
• Modellers take some decisions 

exogenously
• Offers most likely outcomes

Usage
• Previsions
• Business-as-usual scenarios

Approach
• Finds least-cost “optimal” solution for a 

system under specific constraints
• Can be used to find best actions to be 

taken to meet targets, 
     endogenously
• Offers ideal outcomes

Usage
• Projections
• Energy transition scenarios

Examples: LEAP, PRIMES, EPS Examples: TIMES, TEMOA



What are the values of decision variables that maximize/minimize an objective function subject to constraints?

▪ Mathematical formulation of decision-making problems

▪ Linear programming (LP) 
• Subclass of optimization problems
• Both 𝑓(𝑥) and 𝑔(𝑥) are linear functions of 𝑥

✓𝑓 𝑥 = 𝑐𝑇𝑥
✓ g 𝑥 ≔ 𝐴𝑥 = 𝑏

What are the best actions I can take to achieve a target for a given system? 

𝑥 𝑓(𝑥) 𝑔(𝑥)

What is optimization?

3

min
𝑥 ∈𝑋

 𝑐𝑇𝑥

𝑠. 𝑡.  𝐴𝑥 = 𝑏 



LP problem example – coal mine operation (1)
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▪ Both mines A and B supply coal 
to a local power plant

▪ Minimum requirements
• High quality coal = 40 tons
• Medium quality coal = 25 tons
• Low quality coal = 70 tons

▪ How many hours per day should 
each mine operate to supply coal 
to the power plant at least cost? 

Mine A Mine B

High quality coal

Medium quality coal

Low quality coal

8 tons/hr 2 tons/hr

2 tons/hr 2 tons/hr

4 tons/hr 8 tons/hr

Operational cost 1400 $/hr 900 $/hr

Max. operational time 16 hr 16 hr



LP problem example – coal mine operation (2)
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1. Identify the decision variables

2. Define objective function

3. Define constraints
 

What do we want to optimize? 

What is the target?

What are the constraints?

How many hrs/day should Mine A and Mine B operate for?

Minimize total operational cost

• Minimum amount to supply for each coal grade
• Maximum number of hours each mine can operate per 

day



Number of hours of operation ≤ Maximum

LP problem example – coal mine operation (3)
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1. Decision variables
▪ 𝒙𝟏 : number of hours of operation of Mine A per day
▪ 𝒙𝟐 : number of hours of operation of Mine B per day

2. Objective function 
▪ 𝐦𝐢𝐧 𝟏𝟒𝟎𝟎𝒙𝟏 + 𝟗𝟎𝟎𝒙𝟐

3. Constraints
▪ 𝟖𝒙𝟏 + 𝟐𝒙𝟐 ≥ 𝟒𝟎

▪ 𝟐𝒙𝟏 + 𝟐𝒙𝟐 ≥ 𝟐𝟓

▪ 𝟒𝒙𝟏 + 𝟖𝒙𝟐 ≥ 𝟕𝟎

▪ 𝟎 ≤ 𝒙𝟏 ≤ 𝟏𝟔

▪ 𝟎 ≤ 𝒙𝟐 ≤ 𝟏𝟔

෍
$

hr of operation
×

Number of
hours of operation

෍
Amount of coal by grade

hr of operation
×

Number of
hours of operation

≥
Minimum amount of coal 

needed by grade



Graphical method of solving an LP
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min
𝑥1,𝑥2

1400𝑥1 + 900𝑥2

𝑠. 𝑡.  8𝑥1 + 2𝑥2 ≥ 40

2𝑥1 + 2𝑥2 ≥ 25

4𝑥1 + 8𝑥2 ≥ 70

0 ≤ 𝑥1 ≤ 16

0 ≤ 𝑥2 ≤ 16

( 1 ; 16 )

( 2,5 ; 10 )

( 7,5 ; 5 )

( 16 ; 16 )

( 16 ; 0,75 )
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Graphical method of solving an LP
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min
𝑥1,𝑥2

1400𝑥1 + 900𝑥2

𝑠. 𝑡.  8𝑥1 + 2𝑥2 ≥ 40

2𝑥1 + 2𝑥2 ≥ 25

4𝑥1 + 8𝑥2 ≥ 70

0 ≤ 𝑥1 ≤ 16

0 ≤ 𝑥2 ≤ 16

E.g., for vertex A [2.5, 10] 

Obj. val. = 1400 × 2.5 +
 900 × 10
 = 12500
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( 16 ; 0,75 )
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x1  = 16



Graphical method of solving an LP
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( 1 ; 16 )

( 2,5 ; 10 )

( 7,5 ; 5 )

( 16 ; 16 )

( 16 ; 0,75 )
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min
𝑥1,𝑥2

1400𝑥1 + 900𝑥2

𝑠. 𝑡.  8𝑥1 + 2𝑥2 ≥ 40

2𝑥1 + 2𝑥2 ≥ 25

4𝑥1 + 8𝑥2 ≥ 70

0 ≤ 𝑥1 ≤ 16

0 ≤ 𝑥2 ≤ 16

E.g., for vertex A [2.5, 10] 

Obj. val. = 1400 × 2.5 +
 900 × 10
 = 12500



Graphical method of solving an LP
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( 1 ; 16 )

( 2,5 ; 10 )

( 7,5 ; 5 )

( 16 ; 16 )

( 16 ; 0,75 )
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8x1 + 2x2 = 40

2x1 + 2x2 = 25

4x1 + 8x2 = 70

x2 = 16

x1  = 16

min
𝑥1,𝑥2

1400𝑥1 + 900𝑥2

𝑠. 𝑡.  8𝑥1 + 2𝑥2 ≥ 40

2𝑥1 + 2𝑥2 ≥ 25

4𝑥1 + 8𝑥2 ≥ 70

0 ≤ 𝑥1 ≤ 16

0 ≤ 𝑥2 ≤ 16

E.g., for vertex A [2.5, 10] 

Obj. val. = 1400 × 2.5 +
 900 × 10
 = 12500



Impact of changing constraint
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Mine A

High quality coal 8 tons/hr
5 tons/hr

( 1,6 ; 16 )

( 5 ; 7,5 )

( 7,5 ; 5 )

( 16 ; 16 )

( 16 ; 0,75 )
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min
𝑥1,𝑥2

1400𝑥1 + 900𝑥2

𝑠. 𝑡.  𝟓𝑥1 + 2𝑥2 ≥ 40

2𝑥1 + 2𝑥2 ≥ 25

4𝑥1 + 8𝑥2 ≥ 70

0 ≤ 𝑥1 ≤ 16

0 ≤ 𝑥2 ≤ 16



Impact of changing objective

12

Mine B

900 $/hr

1800 $/hr

Operational cost

( 1 ; 16 )

( 2,5 ; 10 )

( 7,5 ; 5 )

( 16 ; 16 )

( 16 ; 0,75 )
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x1  = 16

min
𝑥1,𝑥2

1400𝑥1 + 𝟏𝟖𝟎𝟎𝑥2

𝑠. 𝑡.  8𝑥1 + 2𝑥2 ≥ 40

2𝑥1 + 2𝑥2 ≥ 25

4𝑥1 + 8𝑥2 ≥ 70

0 ≤ 𝑥1 ≤ 16

0 ≤ 𝑥2 ≤ 16



Why linear programming (LP) models?

• Offer significant advantages over other formulations

Large-dimensional complex 
superstructure models 

solved to optimality

Insights into commodity 
marginal value (shadow 

prices)

Preserve nonlinearity using 
stepwise or piecewise 
linear functions/other 

approximations

Nonlinearity Complexity Duality
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Thank you!
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  f ( x )


  g ( x )


  x


  f  ( x ) =  c T x


   ( x ) ≔ A x = b


  x


  f ( x )


  g ( x )


      min  x   ∈ X ⁡          c T x


  s . t .         A x = b  


  Number of hours of operation ≤ Maximum


   𝒙 𝟏


   𝒙 𝟐


    𝐦 𝐢 𝐧 ⁡  𝟏 𝟒 𝟎 𝟎  𝒙 𝟏 + 𝟗 𝟎 𝟎  𝒙 𝟐


  𝟖  𝒙 𝟏 + 𝟐  𝒙 𝟐 ≥ 𝟒 𝟎


  𝟐  𝒙 𝟏 + 𝟐  𝒙 𝟐 ≥ 𝟐 𝟓


  𝟒  𝒙 𝟏 + 𝟖  𝒙 𝟐 ≥ 𝟕 𝟎


  𝟎 ≤  𝒙 𝟏 ≤ 𝟏 𝟔


  𝟎 ≤  𝒙 𝟐 ≤ 𝟏 𝟔


  ∑   (   $  hr of operation ) ×  (     Number of   hours of operation )


  ∑   (    Amount of coal by grade  hr of operation ) ×   (     Number of   hours of operation ) ≥    Minimum amount of coal    needed by grade


      min   x 1 ,  x 2 ⁡  1400  x 1 + 900  x 2


  s . t .         8  x 1 + 2  x 2 ≥ 40


  2  x 1 + 2  x 2 ≥ 25


  4  x 1 + 8  x 2 ≥ 70


  0 ≤  x 1 ≤ 16


  0 ≤  x 2 ≤ 16


      min   x 1 ,  x 2 ⁡  1400  x 1 + 900  x 2


  s . t .         8  x 1 + 2  x 2 ≥ 40


  2  x 1 + 2  x 2 ≥ 25


  4  x 1 + 8  x 2 ≥ 70


  0 ≤  x 1 ≤ 16


  0 ≤  x 2 ≤ 16


   (  1400 × 2 . 5 ) +


   (  900 × 10 )


      min   x 1 ,  x 2 ⁡  1400  x 1 + 900  x 2


  s . t .         8  x 1 + 2  x 2 ≥ 40


  2  x 1 + 2  x 2 ≥ 25


  4  x 1 + 8  x 2 ≥ 70


  0 ≤  x 1 ≤ 16


  0 ≤  x 2 ≤ 16


   (  1400 × 2 . 5 ) +


   (  900 × 10 )


      min   x 1 ,  x 2 ⁡  1400  x 1 + 900  x 2


  s . t .         8  x 1 + 2  x 2 ≥ 40


  2  x 1 + 2  x 2 ≥ 25


  4  x 1 + 8  x 2 ≥ 70


  0 ≤  x 1 ≤ 16


  0 ≤  x 2 ≤ 16


   (  1400 × 2 . 5 ) +


   (  900 × 10 )


      min   x 1 ,  x 2 ⁡  1400  x 1 + 900  x 2


  s . t .         𝟓  x 1 + 2  x 2 ≥ 40


  2  x 1 + 2  x 2 ≥ 25


  4  x 1 + 8  x 2 ≥ 70


  0 ≤  x 1 ≤ 16


  0 ≤  x 2 ≤ 16


      min   x 1 ,  x 2 ⁡  1400  x 1 + 𝟏 𝟖 𝟎 𝟎  x 2


  s . t .         8  x 1 + 2  x 2 ≥ 40


  2  x 1 + 2  x 2 ≥ 25


  4  x 1 + 8  x 2 ≥ 70


  0 ≤  x 1 ≤ 16


  0 ≤  x 2 ≤ 16

